Crystallisation of a dilute atomic dipolar condensate by Bisset, R. N. & Blakie, P. B.
Crystallisation of a dilute atomic dipolar condensate
R. N. Bisset1 and P. B. Blakie1
1Dodd-Walls Centre for Photonic and Quantum Technologies,
Department of Physics, University of Otago, Dunedin, New Zealand
We present a theory that explains the experimentally observed crystallisation of a dilute dysprosium conden-
sate into a lattice of droplets. The key ingredient of our theory is a conservative three-body interaction which
stabilises the droplets against collapse to high density spikes. Our theory reproduces the experimental observa-
tions, and provides insight into the manybody properties of this new phase of matter. Notably, we show that it
is unlikely that a supersolid was obtained in experiments, however our results suggest a strategy to realize this
phase.
PACS numbers: 67.85.Hj, 67.80.K-
Recent experiments with ultra-cold dysprosium [1] have
observed the crystallisation of a superfluid into a regular ar-
ray of droplets. This result is surprising because it realizes
a droplet crystal, which has been the subject of considerable
theoretical work, yet avoids much of the complex interaction
engineering in existing proposals, e.g. using ensembles of cold
Rydberg atoms [2, 3] or polar molecules [4]. However, the
standard theoretical description of dysprosium condensates
does not predict a stable droplet phase, suggesting the role
of additional physics. In this paper we propose that a con-
servative three-body interaction (e.g. see [5]) is the essential
new physics. Augmenting the standard theory with this term
we show that a stable droplet crystal forms (e.g. see Fig. 1)
and we are able to explain the main observations made in the
experiment [1]. We note that this type of interaction has been
found to play a dominant role in recent experiments with 85Rb
[6].
Dysprosium has a large magnetic moment giving rise to
a significant long-ranged dipole-dipole interaction (DDI) be-
tween the atoms. In the experiment it is necessary to enhance
(via Feshbach resonance) the short range repulsive interaction
to be comparable in strength to the DDI in order to produce the
initial (unstructured) condensate. The crystallisation is then
initiated by suddenly reducing the value of the short range
interaction, allowing the condensate to evolve with a domi-
nant DDI. Detailed observations of the crystallisation dynam-
ics are revealed by the use of high-resolution in situ imaging
of the system. Key experimental observations include: (i) the
droplets form into an approximately triangular lattice with a
lattice constants in the range 2 to 3µm and persists for long
times ( 100 ms, although with some droplet dynamics);
(ii) the lattice formation time is ∼7 ms after the interaction
quench; (iii) the number of droplets formed is stochastic, but
on average (over the range studied) the average droplet num-
ber increases linearly with condensate number.
Because the system we consider is dilute its dynamics
should be well-described by the meanfield Gross-Pitaevskii
theory. This theory includes short-range (contact) and long-
range (dipole-dipole) two-body interactions [7], and has been
successful at describing a range of equilibrium and dynamic
phenomena such as the parameter regions where the con-
densate is mechanically stable [8, 9] and collapse dynamics
[7, 10]. However, this theory applied to the experimental sce-
nario outlined above fails to describe the observed dynamics:
meanfield theory predicts that the system is unstable to form-
ing sharp infinite-density spikes [11], in which regime the
meanfield description is invalid. Indeed, such mechanical col-
lapse scenarios are usually accompanied by explosive dynam-
ics, rapid atom loss and heating (e.g. see [7, 12, 13]). Hence
the observation of regular, stable and long-lived droplets in
the dilute regime indicates the presence of additional physics
not included in the standard theory.
FIG. 1. (a) Droplet crystal obtained in our simulations at t = 15ms
after the quench is started. Red surface indicates high density iso-
surface at n = 2 × 1020 m−3 and the blue low density isosurface
is n = 0.2 × 1020 m−3. The inset is a column density made by in-
tegrating the density along the z axis. (b) Condensate phase in the
z = 0 plane. Simulation for Ncond = 15 × 103, T = 20nK, and
(κr, κi) = (5.87×10−39, 7.8×10−42)m6/s, with other parameters
as discussed in the text.
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2Three-body recombination is an important loss mechanism
in experiments which occurs when three ultra-cold atoms col-
lide to form a di-atomic molecule and an atom that are both
lost from the atom trap. The measurement of the three-body
recombination rate has been used to reveal quantum statisti-
cal and manybody effects (e.g. see [14, 15]), and to locate
Feshbach resonances (e.g. see [16]). There is also a conserva-
tive three-body interaction between the particles, which does
not lead to loss [5], and is expected to be large if there is an
Efimov state near the collision threshold [17, 18]. While we
are not aware of any quantitative predictions for three-body
interactions in 164Dy, this atom is known to have complex
collisional properties, including a large number of Feshbach
resonances [16]. Since ultra-cold atomic systems are so di-
lute the role of such three-body interactions is typically much
smaller than the two-body interactions. However, in scenarios
where the system becomes mechanically unstable due to at-
tractive two-body interactions the density can increase signif-
icantly and three-body terms can be important [18]. Indeed, a
recent experiment with 85Rb [6] has measured a conservative
three-body interaction that is 2 to 3 orders of magnitude larger
than the three-body recombination rate. Here we show that by
including a three-body interaction of comparable size we are
able to quantitatively describe the crystallisation observed in
the dysprosium experiments.
To perform simulations we take the system evolution to be
described by the Gross-Pitaevskii equation
i~
∂ψ
∂t
=
[
Hsp+
∫
dr′ U(r−r′, t)|ψ(r′, t)|2 + κ3
2
|ψ|4
]
ψ,
(1)
where Hsp = −~2∇2/2m+ Vtrap, and
U(r, t) =
4pi~2a(t)
m
δ(r) +
µ0µ
2
4pi
1− 3 cos2 θ
r3
(2)
describes the two-body contact and dipolar interactions for
dipoles polarized along z, with θ being the angle between r
and the z-axis. Here m is the atomic mass and µ = 9.93µB is
the magnetic moment of a Dy atom, with µB the Bohr mag-
neton. The two-body contact interaction, parameterized by
the s-wave scattering length a(t), is time-dependent as it is
changed using a magnetic Feshbach resonance. The last term
in (1) describes short-ranged three-body interactions. The co-
efficient is complex κ3 = κr− iκi, with κr characterizing the
strength of the conservative component and κi quantifying the
three-body recombination loss rate.
We perform simulations in the regime reported in Ref. [1]
and consider condensates up to Ncond = 20 × 103
atoms prepared in a harmonic trap (Vtrap) with frequencies
(νx, νy, νz) = (45, 45, 133) Hz and with the dipoles polarized
along the z axis. The condensate is initially prepared with a
scattering length of ai = 130a0, where a0 is the Bohr radius.
This value is obtained using a Feshbach resonance in the ex-
periment, and ensures that a stable (unstructured) condensate
is produced.
We take the initial condensate ψ0(r) to be the stationary so-
lution of Eq. (1) normalized to Ncond with κ3 = 0, which we
solve for using a Newton-Krylov scheme [19, 20]. We note
that the effect of the κr values we use for dynamics is negligi-
ble in the initial state (with peak density of∼ 0.91×1020m−3
for Ncond = 15 × 103), making less than a 1% change in the
ground state energy. Thus taking κr = 0 for the initial state
preparation is a good approximation. To the condensate we
add initial state fluctuations to account for quantum and ther-
mal fluctuations in the system. Such fluctuations usually play
an important role in seeding unstable dynamics, and are added
as
ψ(r, 0) = ψ0(r) +
∑
n
′
αnφn(r), (3)
where nφn = Hspφn are the single particle eigenstates,
αn is a complex gaussian random variable with 〈|αn|2〉 =
(en/kBT − 1)−1 + 12 , and the sum in (3) is restricted to
modes with n ≤ 2kBT . This choice of fluctuations is ac-
cording to the truncated Wigner prescription (see [21]) for
a system at temperature T . The main results we present
are for T = 20nK, adding approximately 400 atoms to
the system, consistent with the experimental conditions of a
“quasi-pure condensate" (c.f. the ideal condensation temper-
ature of Tc = 72nK for N = 15 × 103). For dynamics we
evolve the system according to the GPE (1) discretised on a
three-dimensional grid in a cubic box of dimension 23.4µm,
propagated in time using a 4th order Runge-Kutta integration
method. The number of grid points is varied to check accu-
racy of results. The kinetic energy term is evaluated in Fourier
space for spectral accuracy, and the DDI term is evaluated us-
ing Fast Fourier transforms to action the convolution, with a
spherically cut-off dipole kernel used in k-space to minimise
boundary effects [19]. The three-body interaction only plays
an important role in the dynamics when the density gets high
and we choose to use a constant value of κ3 throughout each
simulation.
The s-wave scattering length is linearly ramped from ai to
af over 0.5 ms, and then held constant for the remainder of
the simulation. As in experiment we consider a quench to af ,
close to the background value abg, which initiates the crys-
tallisation. There remains appreciable uncertainty in the value
of abg with the current experimental estimates being 92(8) a0
[16, 22]. Having explored a range of simulation parameters
we find dynamics similar to experiment for af ≈ 82.6 a0 [23].
At this value the condensate is susceptible to the growth of un-
stable modes [24–26]; these lead to the development of high
density regions near the trap centre, and then across the con-
densate, driven by the attractive component of the DDI. On a
timescale of 5–15 ms (depending on parameters) several high
density droplets form and the role of κ3 becomes crucially
important [e.g. see Fig. 2(c)].
We automate droplet detection in our simulations by identi-
fying local column-density maxima (with densities exceeding
1.2 × the peak density of the initial condensate). We identify
the region about this point where the density decays to define
3the droplet. We note (e.g. see Fig. 1) that once the droplets
fully form they deplete the atomic density at their boundaries
and are thus unambiguously identified.
In Fig. 2(a) we show results for the number of droplets that
are identified at 20 ms after the quench begins as a function
of the atom number. Results are from 5 calculations at each
atom number, and with an initial temperature of T = 20nK
and we take (κr, κi) = (5.87 × 10−39, 7.8 × 10−42)m6/s.
Because of the different initial noise the number of droplets
that form vary from run to run. Our results are similar to the
experimental measurements [1], except that the experimental
measurements tend to find more droplets forming for 5× 103
atoms, which may indicate that either af is lower than we use,
or our criteria for identifying droplets are different.
Following the experiment we evaluate a spectral weight to
quantify the spatial structure in the in situ column density im-
ages on µm length scales post-quench. This is done in terms of
the function SW(t) =
∑′
k St(k), where St(k) is the radially
averaged Fourier transform of the column density (along z) at
time t, with the sum taken over the range k ∈ [1.5, 5]µm−1.
The relative spectral weight, SW(t)/SW(0), is a measure of
the increase in the density modulation post-quench relative to
the initial condensate. We find that the relative spectral weight
increases to much larger values than those measured in exper-
iment, because we do not account for the finite resolution ef-
fects of the imaging system. However, we obtain good quan-
titative agreement with experiment for the timescales over
which the spectral weight grows and subsequently decays [see
Fig. 2(b)]. This decay arises from three-body recombination
and a collective breathing mode of the droplet crystal that is
excited during formation. The rate of atom loss is more rapid
in the droplet phase than the original condensate because of
the significantly higher density.
We have conducted simulations exploring a wide range of
parameters, and the values of af and κ3 used above were
determined to give a reasonable fit to the experimental re-
sults. More information from experiments is necessary to
completely determine these parameters. Detailed results for
the formation dynamics [see Fig. 2(c)] shows that the droplet
formation time is sensitive to the value of κr. Indeed, the
largest value used in Fig. 2(c) leads to a formation time that
is at least twice as long as that seen in experiment (as well as
leading to too few droplets ∼ 3). We have also explored the
effect of changing temperature and find only a slight change
in formation time for temperatures up to T ∼ 40nK.
We also find that the droplet size and peak density are sensi-
tive to κr. This can be simply understood because the droplet
forms from the competition between the attractive two-body
and the repulsive three-body interactions. The density at
which this balance is achieved scales inversely with κr. We
find that the droplets that form near the center of the trap have
very similar properties, including the atom number in each
droplet, peak density, transverse [wx,y] and axial [wz] widths,
where
w2ν ≡ γN−1D
∫
D
dr (rν − rcν)2|ψ(r)|2, ν = {x, y, z}, (4)
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FIG. 2. Droplet formation. (a) Number of droplets versus total atom
number averaged over 5 simulations for each case. Line is best-fit
with slope 7.50 × 10−4. (b) Relative spectral weight versus time.
(c) Peak density for simulations with different κr values. In all cases
T = 20nK and κi = 7.8 × 10−42m6/s. In (a) and (b) κr =
5.87× 10−39m6/s. In (b) and (c) Ncond = 14× 103.
with, the integration restricted to the region containing the
droplet, rc the center of the droplet, and ND the number of
atoms in the droplet. The factor γ = 8 ln(2) is chosen to cali-
brate this width measure to be the full width at half maximum
for gaussian shaped droplets. In Table I we show how the
properties of the droplets change with the three-body interac-
tion. Notably, the droplets get wider and less dense, but hold
more atoms, as κr increases.
An important area of interest is whether this droplet crystal
maintains phase coherence, and hence could be a supersolid
[27–29]. This question was not able to be explored in the
experiment. We have examined this by analysing the mean
phase of each droplet (the phase varies minimally within each
droplet). We find that the first droplets formed have similar
phases, which they inherit from the condensate, but in general
these quickly become independent. For example, the state
shown in Fig. 1 is found to develop independent phases by
∼ 15ms after the quench [see Fig. 1(b)]. This occurs due to
heating during the droplet formation, e.g. we observe vortex
anti-vortex pairs created between droplets and the creation of
4κr ND npeak wx,y wz
10−39 m6/s 103 1020m−3 10−6m 10−6m
3.91 1.2(1) 28(2) 0.26(1) 2.5(2)
5.87 1.5(1) 20(2) 0.33(2) 2.7(1)
7.83 1.8(2) 18(1) 0.36(2) 2.9(2)
9.78 2.0(2) 14(1) 0.42(3) 2.9(2)
11.7 2.4(4) 13(2) 0.46(2) 3.1(2)
19.6 3.4(8) 7(1) 0.60(1) 3.3(2)
TABLE I. Droplet properties as κr varies for Ncond = 15 × 103,
af = 82.6 a0, with T = 20nK and κi = 7.8 × 10−42m6/s. Eval-
uated for droplets located within 2.5µm of the trap center (in the
xy-plane) using simulation results for t ≥ 18ms. The error indi-
cates the standard deviation across measured droplets.
additional phonon excitations. Thus, we predict it is unlikely
that the state produced in experiment is a supersolid. How-
ever, using a larger value of κr = 1.96×10−38 m6/s we have
observed the formation of a small droplet crystal in which the
phase coherence persists for at least 400ms [see Fig. 3(b)]. In
this case the droplets are approximately twice as wide [see Ta-
ble I] compared to the case in Fig. 1(b), only 3 drops form and
the formation time is much slower [∼ 15ms, see Figs, 2(c)
and 3(a)], and causes less heating. The reduced heating and
enhanced tunnelling between the larger droplets allows this
system to behave as a supersolid.
In conclusion we have identified the key physical mecha-
nism behind the recent observation of a droplet crystal in a
dilute gas of dysprosium. We have investigated properties of
the droplets that form and important factors in maintaining
phase coherence of the crystal in order to produce a super-
solid. Our results show that the crystal produced in exper-
iments was likely not a supersolid because of heating during
its rapid formation. In future work we will explore experimen-
tally practical adjustments (changing two-body interactions,
trap geometry etc.) which will enable larger crystals to form
in the regime where phase coherence is maintained between
the droplets.
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